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Abstract 



We derive equations for the collective CDW-current transverse conducting chains in 
a quasi-one- dimensional CDW-conductor. Generalized Frohlich relations between the 
transverse currents and phase gradients are due to the polarization corrections to the 
1 + 1 chiral anomaly Lagrangean. The CDW Hall constant Rcdw is calculated, Rcdw ~ 
Tq/Icdw, where Tc is the critical temperature of the Peierls transition, and Icdw is the 
nonlinear CDW current in the direction parallel to the conducting chains. 
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The Quasi-One-Dimensional (Q1D) Charge Density Wave (CDW) conductors such as 
NbSe 3 , TaS 3 , K 03 MoO 3 etc. (see for instance, Ref. are characterized by a strongly 
anisotropic quasiparticle spectra. As a result, their unusual transport properties are 
mostly pronounced in the direction parallel to the conducting chains. The theoretical 
studies of the CDW-electro dynamics were mainly focused on the one-dimensional aspect. 
The response of a ID CDW is described by the well-known Frohlich relations 0: 

e dip 
P = -TT n f 

7T OX 

where j x is the collective current density along the direction of the chains, p is the charge 
density fluctuation, n/ is the density of chains and (p is the CDW- variable, the phase 
of the Peierls- Frohlich order parameter Aexp(ip). The amplitude A is equal to the gap 
width in the single-particle spectrum. 

Experimental investigations of the transverse CDW transport, and in particular of the 
Hall effect [J, have demonstrated that the 3D-effects are also strongly affected by the 
nonlinear CDW transport current Icdw directed along the chains. It was found in Ref. 
|| that the Hall constant Rcdw is proportional to Icdw an d sharply decreases in electric 
fields above the threshold E F . This fact is not yet explained within the microscopic theory. 
To describe properly the 3D electrodynamics of CDW, we need the generalized Frohlich 
equations for all the three components of the collective current Icdw- This problem is 
solved in the present paper, and the dependence of Rcdw on Icdw is obtained. 

The description of a Q1D CDW is based on the electron-lattice Hamiltonian: 

ft 2 

H = - 2M ? + E " ^ " + 

n y Tin n„ 

+ *lf { U n v ~ U n„+i)) ( a t,s a n„+l,s + h - C ) ( 2 ) 

where is the lattice displacement, n numerates lattice sites, v = x, y,z , M is the ion 
mass, K v are the lattice elasticity constants, t v is the electron hopping integral, t\ is the 
electron-lattice coupling, a^ s and a^s are the creation and annihilation operators of an 
electron with spin s at the site ft. 

The Q1D approximation is formulated as follows: 

u nx = u cos(2k F n x b x + <p) 
arts = ^R S exp(ik F n x b x ) + * Ls exp(-ik F n x b x ) (3) 



durt 
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For our purposes, it is convenient to formulate the theory in the Lagrange formalism. 
After the standard redesignations (see e.g. H): 



b x t = hV F , 2t lx u /b x = A, K x b x sin 2 (b x k F )/16tl 
the Peierls-Frohlich Lagrangean takes the form (h = c = 1): 



' 9 2 ' 



C = ip 



1 u 2 u 2 



A 



a 2 V f 



dt - -fa - \<p - -j + ^{ta 2 (d t + ze$ + it y ch(b y (dy - ieA y )) + 



V, 



■2g 



it z ch(b z {d z - ieA z ))) - a x V F (d x - ieA x ) - Aexp(-ia 3 <p)}ip = C ph + ipLip (4) 

where the electromagnetic field is introduced in a gauge-invariant form. Here a 2 = 
y^jj « 1 is the adiabatic parameter of the Peierls-Frohlich theory [|J, U y>z are the trans- 
verse phonon velocities, $ and A v are the scalar and vector potentials, %p + = (V^V'l)? 
%p = ip + <T2 and a v - are the Pauli matrices. Note that the approximation (|3|) which leads 
to Eq. (f§) is well defined only when t VjZ « A. 
The CDW currents are: 



Ju = C 



SA V 
5F 



where F is the free energy: 



F — —Tin y DADipDipDtpexp j dr J drC E 



\ 



(5) 



T 

-T\n.j DADipDexp J dr J dfCf + Tr InLj 



V 



/ 



(6) 



Here is the Euclidean Lagrangean, r = —it, T is the temperature and 

TrO = 2tr J dfdr < rr\0\rr > , (7) 

where tr denotes trace over the matrix indices, and the multiplier 2 results from the 
summation over the electronic spins. 

To calculate Tr lnLg, we perform the chiral rotation: 

V> -> exp(iy^)^ , (8) 
ip — > tjjexp(i^-(p) . 



Then: 



expiTr lnL B ) = J{yj}exp(Tr lnLg) 



(9) 
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where J{<p} is the functional Jacobian and the Lagrangean Lp is: 

V F 

L E = {-o- 2 [<9r + —d x <p + e$ + t y ch(b y (d y - ieA y )) + t z ch(b z (d z - ieA z ))\- 

o\ V F [d x - 7^r9 T ip - ieA x - ^-d y ipsh(b y (d y - ieAy)) - ^^d z (psh(b z (d z - ieAz))} - A}, 
ZVp ZVp ZVp 

(10) 

at b y d y ip,b z d z (p « 1. 

We calculate the Jacobian following the Fujikawa scheme |J. According to this: 

J^if) = ex P (~2 J d rdT(pTrx*(T3x) (11) 

where \ stands for the complete set of the asymptotic eigenfunctions of the Lagrangean 
Lp taken in the ultraviolet limit, i.e. at the energies far exceeding e<p, eA x Vp, t y , z , and 
A: 

X = exp {i{k x x + UJT + k y y + k z z)) (12) 

We have: 



oo oo 



n/by Tr/b 



Tr(x*V3X) = 2 J^T^ 3* J dk x J du J dk y J dk z x*exp ( L e^^e^z \ ^ 



N^oo (27r)- 

-ft/by —Tr/b z 



-oo — oo 



b y b z 1 2Vftt 2n tt 2ttVf 2ttVf j 



eb 2 t / 1 \ 

< ch(b y (d y - ieA y )) > [E y - -«9>] d yV - (y - *) - 

ieb y t y < sh(b y (d y - ieA y )) > (h, + i^- e d 2 yT v) ~{y^z) (13) 



Here 



< / >= J dk x dk y dk z dux*fx, (14) 
and E u , H v are electric and magnetic fields. It is readily seen, that: 

< ch{b u (d u - ieA v )) >=< sh{b v (d v - ieA v )) >= (15) 

and the Jacobian takes the form: 

J{(f} = exp ^— J dfdrl{(p}^j (16) 

where 

and Vy jZ = by tZ ty tZ . 
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In a ID CDW (V y = V z = 0), the Lagrangean ([H]) coincides with the one for the chiral 
anomaly in 1 + 1 massless quantum field theory (see e.g. ||). The connection between 
the ID CDW Lagrangean and the chiral anomaly phenomenon was demonstrated in Refs. 
0. ||]. The Frohlich relations (1) evidently follow from the Lagrangean (|17|). 

So, in a Q1D CDW, the chiral anomaly mechanism gives the wrong sign only in the 
transverse dispersion in Eq. (|17]). The normal CDW-dispersion is restored due to the 
phonon terms in the Lagrangean (Q) ||. A modification of Frohlich relations arises due 
to the polarization terms in the free energy hidden in Tr In L F (Eq. (|9])). 

In Ref. |10[ the chiral anomaly was studied in a formally similiar system: the Q1D 



spin density wave. It was claimed in that, under the conditions of a quantum Hall 
effect, the chiral anomaly produces additional terms linear in t y in Eqs.(l). In this paper, 
we study the opposite limit of classically "weak" magnetic fields (Eq. ([15])) when the 
terms linear in t VyZ turn to zero. 

Consider Tr lnL £ at \E\,\H\ « A 2 /eV F and d<p « A/V F , d T ip « A. The 
straightforward perturbation expansion (see e.g. 0) gives: 

Tr \nL E = ^Tr In L E a 3 L E a 3 = 

1. - 1 



Here 



and 



- In K - - J drdr{n xx El + K yy E y + k zz E 2 z + fi zz H z + ^ yy H 2 } (18) 

K = -d 2 T -V 2 d 2 x + A 2 , (19) 
1 uj 2 (tv,z\ 2 

o7T Za \ dp J 

V F \ 2 [V F ^ 2 



^yy ~ I ~ j K zz, ~ y~ I K yy 



are the diagonal components of the tensor of the dielectric and magnetic susceptibilities, 



p 



(8e 2 Vp / ' A 2 b y b z ) l l 2 is the plasma frequency, e F = V F /b x is the Fermi energy, and: 



E, = E, - ^dl<p (21) 

#. = ". + 2^ 
6 - = E - + 4^ 
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Finally, we substitute Eqs. and (16) into the Eq. (Q) and calculating the variation 
of the free energy functional with respect to the vector and scalar potentials to obtain 
currents in accordance with Eq.(5). We get in real time: 



(22) 

P = - - ^ - ff> - V ff z ,) + ^ + ^ 

(23) 

jy = -*fV F & xyt ip, (24) 

3z = ~—V F dl ztV . (25) 

e 

It is evident that Eqs. ( p2]) - (|25| ) automatically satisfy the condition d t p + divj = 0. 
It is easy to check from the equation of motion: 



5 

5ip 



{ J dfdt[C ph + l{(p}] +Tr lnZ} = (26) 



that the polarization correction to Eq. (|26|), as well as to j x ( p2[) and p fl23|), can be 
safely neglected in electric fields \E\ « e 2 /4itk xx A 2 . As actually k xx ~ 1, this inequality 
always holds in experiment. 

Hence, the incommensurate Q1D CDW is described by the equation of motion: 

^ V - V -ldh - f - f <?„ = e -E r , (27) 
by the Maxwell equations and by the generalized Frohlich relations: 

JyUz 



' d xV -+^V F & V + ^V F dl zz ^ (28) 



7rbyb z r 2e xyyr 2e 

K 

e 



Jj/ — V FC xyt (f, 



^ZZ T r 03 



As an application of our formulas (p7|), (|28|) , we calculate the Hall constant of the 
CDW condensate at zero temperature. 

Consider the Hall geometry: H = H z , the transport CDW current I x flows parallel to 
the chains in a film with sizes L y , L z . As normally t z « t y , we neglect z-dependence in 
Eqs.(^7|),(^). Perfoming the perturbation expansion over K yy in Maxwell equations, we 
get: 

E y = -2nK yy ^d 2 xy ip } H Z = H (29) 
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where H is the external magnetic field which is assumed to be larger than the magnetic 
field of the transport current. 

In sliding CDW (p = (p(x — Vpt, y, z), where Vjj(E x ) is the nonlinear drift velocity. We 

get: 



The Hall constant is: 



2,71 Kyy V F d]x 

V D vz dy 



(30) 



Hence 



R 



CDW 



I dyEy 
_o 

cHJ x 



2tt 2 k 



V F 



b y b z 



cem V D (E X ) L z 



(31) 



RcD\vh(E x ) = const ~ t y ~ T£ (32) 

where Tc is the temperature of the Peierls transition. The r.h.s in Eq.(|32|) is independent 
of E x which is in a good accordance with the experimental data 0. 

Conclusion. We have derived for the first time the generalized Frohlich relations 
which relate the transverse currents and fields to the phase gradients in a Q1D CDW- 
conductor. The explanation of the relation between the CDW Hall constant and the 
nonlinear transport current is found. 
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